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sroduction.

Intil a few years ago the work in queueing analysis primarily
ned analytical results and little work was done on computationally
ible results and approximations. However, in recent years substantial

butions have been made to the field of algorithmic analysis of

s, cf. [31-[4], [141-[18] and [21]1-[22] amongst others.

This paper presents a stable recursive method to compute the exact

s of the steady-state probabilities in a wide class of single server
s with Markovian input and to compute approximate values of the
y-state probabilities in multi-server queues with random and

random input and general service times.

In section 2 we give the algorithmic analysis for a class of single-
t queues with state-dependent Markovian input, cf. also [32]. This"
covers a number of important single-server queueing models with

n and quasi-random input including the finite capacity M/G/1 queue
[18] and [19]) and the machine servicing problem (cf. [15]). We

fy stable and efficient algorithms to compute the steady-state
bilities and the waiting time moments in these useful queueing models
ne performance analysis of computer systems.

In section 3 we first consider the M/G/c queue. For this multi-server
exact methods to compute the steady-state probabilities are only
able for deterministic service times (cf. [6] and [18]) and for phase-
service times (cf. [91-[10], [12]-[13], [21] and [£29]). However, in
cular for phase-type service times the exact methods are only
tationally feasible to a limited extent by the dimensionality of the
ibrium state equations for the continuous—time Markov chain
sentation. In general we may not expect computationally tractable

ds can be developed so we have to resort to approximations. For the
queue size approximations are given in [1], [23] and [30] amongst

s. Approximations for the state probabilities are discussed in [8],
and [22].

We present for the steady-state probabilities different and improved
ximations to be computed by a stable recursive algorithm. These
quality approximations yield as byproduct simple approximations

he delay probability and the moments of the actual waiting




i~

ime. For the output process for which so far only complicated anal
esults were known (cf. [24]) we derive as new result simple and go
pproximations for the moments of the interdeparture time. Further,
he case of deterministic services times we give somewhat different
pproximations that in particular result in a very accurate approxi
or the delay probability improving the widely used Erlang delay pr
ity approximation. Finally, we obtain for the first time tractable
pproximations for the finite capacity M/G/c queue and for the mach

epair problem with multiple repairmen having general repair times.
Computational methods for a general class of single server queue

Consider a single server queueing system where customers singl
ccording to a state-dependent Markovian input process with rate A.
customers are in the system, i.e. the interarrival times are expo
istributed with mean 1/>\j when j customers. are present. Each custo
oins the system and the service times of the customers are indepen
andom variables having a common probability distribution function
(0) = 0. To satisfy conditions for statistical equilibrium it is a
hat lim supnémAnES < 1 where S denotes the service time of a custo
he server is never idle when customers are present.

This single server queueing model with state-dependent arrival
overs a number of important systems including the finite capacity
ueue having only place for N customers (take Aj=k for 0<j<N and Aj
>N) and the machine servicing problem with a single repairman and
dentical machines having exponential running times with mean 1/n (
j=(N—j)n for 0<j<N and Aj=0 for j=N).

We first introduce some notation. Unless stated otherwise it i
ssumed that the system is empty at epoch 0. Define the following r
ariables

T = the next epoch at which the system becomes empty,

Tn = amount of time during which n customers are in the system
busy cycle (0,T], n=0,

N = number of customers served in the busy cycle (0,T],

N_ = number of service completion epochs at which the customer
leaves n other customers behind in the system in the busy

(0,T], n=0.




Further, define the state probabilities

p_ = lim Pr {at time t there are n customers in the system}, n=0,
>

™
n

. th . .
lim Pr {the k customer sees upon arrival n other customers in
ko
the system}, nx0.

The above limits exist and the limiting distributions are probability
distributions, cf. [27]. Note that in general ™ #p, except for Poisson
input (i.e. Aj=A for all j20). By the theory of regenerative processes
(cf. [25] and [27]) and the up- and down crossing result that the long-run
fraction of customers seeing upon arrival n other customers in the system
equals the long-run fraction of customers leaving upon departure n other

customers behind, we have
(2.1) p_=ET _/ET and m_ = EN _/EN for n>0.
n n n n

Further, by noting that the queueing system is equivalent to the queueing
system in which customers arrive according to a Poisson process with rate
A= maxj)\j and an arriving customer does not join the system with
probability I—AH/A* when n other customers are present and by using the
property that Poisson arrivals see time averages (cf. [26]), it readily
follows that (see [32] for details)

(2.2) T = AP / Ajpj for n20.

I ™ 8

0

Also, noting that EN/ET equals the long-run average number of customers
served per unit time and hence equals the long-run average number of
customers joining the system per unit time, it follows from suitable

versions of Little's formula that (cf. 32])

2.3 EN/ET = .%. A.p.,
(2.3) %0 *3P;

(o]

(2.4) (.2

;Lo Ajpj)ES = long-run average number of busy servers = 1 - Py*

Note that (2.1)-(2.3) and the first relation in (2.4) also apply to the
multi-server case.
To derive a recurrence relation between the probabilities P, and s

we define the following quantity. For n>k>0, let




2.5) A x _ expected amount of time during which n customers are in the
n

system until the next service completion epoch given that at

epoch 0 a service is completed with k customers left behind

in the system.

1en, by partioning the busy cycle (0,T] by means of the service completi
>ochs and using Wald's theorem (cf. [25]), it follows that
n

) =
2.6) ETn b} A.nk ENk for n>0.

k=0
>ting that pOET = 1/)\O by (2.1) and using the relations (2.1)-(2.3) and
2.6) we find the following recursive scheme
2. 7) ET = 1/x

n
anT = I ET for nx1.

Pg 0’ oo kP
* the numerically stable algorithm (2.7) we can recursively compute the
mbers pOET, p]ET,... once we have evaluated the quantities Ank to be
-scussed below. Next, using (2.2)-(2.4), the state probabilities P, and
X for n>0 can be obtained in any desired accuracy by normalization. The
ove approach based on regenerative analysis is a fertile approach which
in be applied to many variants of the M/G/1 queue, cf. [7] and [33]

Alternatively a recursive relation for the state probabilities m car
. obtained as follows. Note that for n>1 the long-run fraction of
:rvices having the property that at the completion exactly n customers
‘e left behind equals the long-run fraction of services having the
'operty that at its beginning at most n customers are present and during
s execution the number of customers present exceeds the level n (cf.
so [5] for a similar up- and downcrossings argument for the virtual
iting time process). Hence, using the second part of (2.1),

n

nn=n0bn1 + I Nkb for n>1,

.8)
k=1 n—-k+1,k

ere bnk is the probability that at least n customers arrive during a
rvice for which at the beginning k customers are present. The approaches

.7) and (2.8) are of an equal simplicity but the regenerative approach

.7) seems better suited for such variants as single-server queues with

oup arrivals, cf. [33].

We next discuss two wide cases in which efficient methods to compute

e numbers A, n>k>1 can be given. Note that AnO = Anl for n=1.




1. A phase-type service time.
ppose that the service time distribution function F is a finite
ire of Erlang distribution functions, i.e.

b

r -
F(t) = i q,E (t) with By () = 1= & e’ e

» we can imagine that with probability q, the service of a customer

.res the completion of m, independent phases having each an

tlential distribution with mean ]/UZ' It is known hat each probability
:ibution function concentrated on (0,®) can be approximated with any
:ribed accuracy by a phase-type distribution function as (2.9),

also [3]. Define Aéi)(i) as the expected amount of time during which
stomers are present in a (remaining) service time that starts with k

ymmers present and consists of i independent phases having each an '

iential distribution with mean l/ug. Considering such a remaining

.ce time and using the memoryless property of the exponential distribution

:he property that with probability ul/(u9+Xk) the current phase is

leted before a customer arrives, we have for anyn 2 1, 1 £ 2 < r and
L < mQ,
-1 =1,(9) ,._ _
(2),. (u2+>\n) + ug(ugﬂn) A__T(-1), k =n
P A o Tooa® Gy + u a® G-y, 1 <k < n-l
Mok K, k+] 9 nk ’ =esn
2 A(i)(O) = 0. Hence for any fixed n and 2 we can recursively compute
stable algorithm the numbers A( )(1) for i = l,...,mp and k = n,...,1I.

we find for any n 2 1

A = Z 4, (i)(ml), 1 £k £nq.

2=1
1e Lq as the steady-state queue size (excluding any customer in service)
let W be the steady-state queueing time of an arbitrary customer
luding his service time). The moments of Lq follow from the state
abilities p - By Little's formula and (2.3)-(2.4), we generally have
= ESELq/(l*pO)_ For a phase-type service time as (2.9), we can give an
cient algorithm to compute the higher moments of Wq. Therefore, define

n=21and 1l £ 2 <1,




(%)

ni lim Pr{at time t there are n customers present and the

>0 . . . . ..
t residual service time consists of i independent
exponential phases having each mean l/uz}, 1 <1< m
néi) = 1lim Pr{at the arrival epoch of the k-th customer there

koo .
are n other customers present and the residual

service time consists of i independent exponential
phases having each mean I/uz}, 1 <1< m, .

: same arguments as used to prove (2.2), we have

L) _ ®), ¢ - ), .
) anni / 5L Ajpj )\nESpni /(1 po) for all n,%,i,

(2)

ments of wq follow from the probabilities mi e.8

s 23
2= aWEAED L 2 Es + s+ (n-2) (89)2)7,
q . ni 2 u
n,%,1 u A :
2
we assume service in order of arrival. To compute the péi), put
ybreviation
o 1 if j =1
P qzd(i,mz)po where §(i,3) = {
0 if j # 1
fine Xl(t) = the number of customers present at time t and let

= (%,1i) if at time t a service is in progress and has still i
leted phases having each mean 1/“2 and Xz(t) = (0,0) otherwise.
. continuous—time Markov chain (X](t),Xz(t)) we have for any n 2 1

<% <r,

(An * ul)pnl n-1"n-1,1

+ qlé(i,mQ)Anpn, 1 £1 < m,

péi) =0 for i = m2+1. This relation is obtained by equating the

.t which the system leaves the microstate (n,%,i) to the rate at

the system enters this state and inserting into this equation the
(h)

h *hPn+1,1°

ollows by aggregating the microstates 0, ..., n into a macrostate

balance relation Anpn =3 This latter relation in its

uating the rate at which the system leaves this macrostate to the

t which the system enters this macrostate. For fixed 1 € ¢ < r the




)
ni

02t 1l and n = 1,2,... It is important to note that by first
(

2)
ting the probabilities P, from (2.7) we can compute the P from a

probabilities p can be computed by the stable recursive scheme (2.11

= m

e and efficient recursive scheme instead of by solving the difficult

m of linear equilibrium equatioms,

K 2.1 For the special case where F is an Erlang distribution function
the state probabilities P, and the moments of Wq can be computed by

er algorithm that is simpler than the above one. Therefore note that the

2r of uncompleted phases in the system uniquely determines the number

ustomers present. Defining fj as the steady-state probability that at

rbitrary epoch there are j uncompleted phases in the system, we have

nr
1) P, =1£f, and p_ = z -£. for n21
o 0 D o(n=1)r+]

[i/r] if j/r is an integer and Yj=k[j/r]+1

rwise, where [x] is the largest integer less than or equal to x. Then

for abbreviation Yj=A

n-1
2) uf = z
o k=n-r

kak for nxzl

2 fj=0 for j<0. This recursive relation follows by aggregating the
d>states n,n+1l,.. of the continuous-time Markov chain describing the
ar of uncompleted phases into a macrostate and equating the rate at

1 the system leaves this macrostate to the rate at which the system
rs this macrostate. Fl?ally, noting that kak/Zj Ajpj = kakES/(l-po)
1e steady-state probability that an arriving customer finds k

npleted phases present, the moments of Wq follows from the state

abilities fj.

2. The finite capacity M/G/1 queue and the machine repair problem.

For a general service time distribution function we can easily
uate by numerical integration the numbers Ank for both the finite

city M/G/1 queue and the machine servicing problem. We only

uss here the latter model. Consider N identical machines

. a single repairman where the running times of the machines are
:pendent and exponentially distributed with mean 1/n and the repair time
the general distribution function F. This problem is a special case of
single-server model having state-dependent input with Aj=(N—j)n for j<N
Aj=0 for j=N by taking the number of inoperative machines as state for

system. We have for I<kzn<N,




‘able 2.1 The machine repair problem with a single repairman

) N=5 N=10 N=20 N=40
o | cg ER cp | ER cp |ER cp | ER cp
5 1/10} 1,70 0.47]5.03 0.34]15.0 0.13 | 35.0 o0.07
1/3 }1.79 0.54]5.07 0.41|15.0 0.19 | 35.0 0.11
1/2 | 1.84 0.59}5.09 0.45]|15.0 0.22 | 35.0 0.13
1/2] 1.85 0.58] 5.10 0.45 ] 15.0 0.22 | 35.0 0.13
1 f1.99 0.71}5.19 0.55}15.0 0.29| 35.0 0.18
2*-i2.17 0.96} 5.31  0.73115.0 0.40 ] 35.0 0.25
2°12.13 1.02}5.24 0.75}15.0 0.40 | 35.0 0.25
512,49 1.46]5.57 1,09 {15.0 0.63| 35.0 0.39
25 1 2.97 3.14}16.06 2,37 115.0 1.43] 35.0 0.88
100 | 3.16 6.21f6.27 4,72 115.6 2.89 | 35.0 1.78
o | 1/10/1.28 0.39}2.25 0.55]10.0 0.25] 30.0 0.10
1/3 }1.33 0.48} 2.39 0.61}10.0 0.31} 30.0 0.13
1/2.11.37 0.53] 2.48 0.66 | 10.0 0.34}| 30.0 0.16
1/2°11.37 0.52} 2.49 0.65|10.0 0.34| 30.0 0.16
1 |1.47 0.68|2.73 0.76 | 10.0 0.43 | 30.0 0.21
2,11.62 0.97 3.06 0.96 | 10.1 0.57 | 30.0 0.29
2°01.60 1.02}| 3.00 1,01 4{10.1 0.57} 30.0 0.29
541.93 1.54| 3.68 1,37 {10.3  0.85 ] 30.0 0.45
25 |2.60 3.34|4.90 2,73 | 11.1 1.84| 30.0 1.01
100 {2.94 6.51] 5.52 5,25 11.6 3,67 | 30.0 2.06
20 1/1011.13 0.29| 1.38 0.46 | 3.02 0.61 | 20.0 0.18
1/3 | 1.15 0.37 ] 1.45 0.55 | 3.24 0.66 | 20.0 0.22
1/2.{1.17 0.42) 1.50 0.60 | 3.39 0.69 | 20.0 0.25
1/2°11.17  0.41] 1.50 0.59 | 3.40 0.69 | 20.0 0.25
1 |1.22 0.55]| 1.64 0,75} 3.78 0.77 | 20.0 0.31
2,11.31 0.85 1.88  1.04 | 4.33 0.93 | 20.0 0.41
2°{1.30 0.90| 1.86 1,09 | 4.25 0,97 | 20.0 0.42
5 }1.53 1.49{ 2.41 1,57 § 5.41 1,25} 20.1 0.63
25 |2.21 3.47{3.89 3,04 }7.98 2.28} 20.8 1.37
100 |2.73 6.72| 4.89 5,58 19.78 4.18 | 21.8 2.75
10 1/10{1.06 0.21 | 1.15 0,32 | 1.45 0.50 | 4.11 0.65
1/3 {1.07 0.27 | 1.18 0.40 | 1.54 0.59 | 4.45 0.69
1/2 11.08 0.31|1.20 0.46 | 1.60 0.65 | 4.67 0.72
1/2°{1.08 0.30|1.20 0.45 | 1.60 0.64 | 4.68 0.71
1 {1.10 0.42(1.27 0.60} 1.78 0.79 | 5.26 0.78
2 {1.15 0.68|1.39 0.92 | 2.10 1.08 | 6.12 0.90
2°f1.15 0.72)1.39 0.98 | 2.08 1.14 | 6.04 0.93
5 {1.28 1.31{1.71 1,57 | 2.88 1.56 | 7.90 1.14
25 |1.83 3.50[2.95 3.34 | 5.56 2.72 }12.7 1.89
100 |2.47 6.89 |4.35 5.91 | 8.31 4.56 | 17.1 3.26
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N-k -nt,n-k —-nt(N-

) AL =7 (-F(t) (- HRTRTEE T
nk 0 n-k

llows by noting that Ank = Owaxtdt where Xt=1 if at time t the first

r is still in progress and n machines are broken down given that at

0 a repair starts with k machines broken down, and xt=0 otherwise.

We conclude this section by presenting some numerical results for the
» machine repair problem. For the repair time S we consider the
wing cases with a phase-type distribution (2.9),

r=1, m1=k (c§=l/k) for k=1,2,3 and 10,

r=2, m=my=1, @ =(1/2) 01+ ((e5-1)/ (et )32, q /u =ay/u, for
=2, 5, 25 and 100,
2, m=1, m2=3, q1=(4—/7)/6, H=Hy (c§=1/2),

£=2, m=l, mp=3, q,=(19-/145)/36, q,/u=3q,/u, (c2=2),
2 cg= {ESZ/(ES)Z-I}]/2 denotes the coefficient of variation of S The
°r two cases are denoted by * in table 2.1. In alle cases we take ES=1.
rarious values of p = nES and N we give in table 2.1 the mean ER and

R
.ttle's formula A'(ER+1/n) = N with throughput A' = (]—po)/ES, the

:oefficient of variation c_, of the response time R = Wq + S. Note that,

»r utilization l—pO determines ER,

proximations for the M/G/c queue and the machine repair problem with

‘Ltiple repairmen.

For clarity of presentation we first consider the infinite capacity M/G/c
» with c¢>1 servers where customers arrive in accordance with a Poisson

:ss with rate X and the service time S of a customer has a general

tbility distribution function F with F(0)=0. It is assumed that p=AES/c<]1.
'riving customer joins the queue if he finds all c servers occupied or

he is served immediately by one of the free servers. A server will never

n idle if customers are waiting in the queue.
We first introduce some notation. Define the random variables T, Tn’ N

In and the steady-state probabilities P, and m as in section 2. Then

(2.1)-(2.3)),
p, = ET_/ET, m_ = EN_/EN for n0,
P, = T, for n=0, EN/ET = ).

rer, define the delay probability P the mean queue size ELq and

W’
onstant Q by




1

(ES)K (AES) € }_]

».3) P_= I P> ELq k! M)

[ee] C-—-
T (n—c)pn, Q = { pX

c k=0

» Write P, = pn(exp), PW = Pw(exp) and ELq = ELq(exp) when the service

me is exponentially distributed and we have the explicit results

AES)™ AES)™
3.4) pn(exp) = i—ETl— Q for Os<n<c-1, pn(exp) = fT:H%E Q for n=c,
c c
AES
3.5) P _(exp) = 17‘—%—'9 » EL (exp) = ﬁéﬁé&—il—ﬁ .
W c:(1-p) q c'(]—p)2

1e quantity Pw(exp) is called the Erlang delay probability and is known to

> a good approximation for P_ when the service time has a general

W
lstribution.

In general no explicit expression for p, can be given. However, we can
ty to set up a recursive scheme as (2.7) to compute the state probabilities.
1 doing so, we encounter the difficulty that for a service completion epoch
: which j21 customers are left behind the distribution function of the time
1til the next service completion epoch depends on the information of how
g the remaining services are already in progress. To overcome this
(fficulty, we make an approximation by aggregating this required
1formation and using distribution functions depending only the number of
istomers left behind. The specification of these distribution functions
i1l determine our approximations. More precisely, we make the following

»proximation assumption.

’PROXIMATION ASSUMPTION. For any 1<j<c-1, the random variables defined as
1e smallest of the remaining service times of the § services in progress

¢ those service completion epochs at which j customers are left behind

1 the system are independent and have common probability distribution
metion F;. For the service completion epochs at which j>c customers are
:ft behind in the system, the times until the next service completion

och are independent random variables with common probability distribution
metion - where ¥ is the same for all j=zc.

Define the quantities An for n2k>20 as in (2.5) with for k=1 the

k
zipulation that the approximation assumption applies. Under this

ssumption, we have




11

n
3.7) anT = E )\ijTAnj for n = 0,1,....
>gether (3.7) and the relation PoET = 1/X suggest to define {qn,nzO} by

n
3.8) 9, = 1/X and q, = ’Z quAnj for n = 1,2,...
3=0
rom which stable recursive scheme we can successively compute the
umbers 4p>9;>-- once we have evaluated the quantities An . Next the state

k
robabilities P> n>0 can be approximated by

3.9)  p_(appr) = qn/.E 1 for n = 0,1,...
=0
> evaluate the quantities Ank we make in the approximation assumption the

ollowing specification
* ] . *
3.10) I—Fj(t) = (I—Fe(t)) , 1£j<c and F (t) = F(ct)

here Fe is the equilibrium distribution of F and is given by

t
3.11) Fe(t) = (1/ES)S (1-F(x)dx, t=0.
0

o motivate this specification, note that if not all c servers are busy the
/G/c queue can be treated as an M/G/~ queue for which we have the renewal-
heoretic result that at an arbitrary epoch the remaining service times

f services in progress (if any) are independent random variables with
ommon probability distribution function Fe’ cf. p. 161 in [28]. If all c
servers are busy we can treat the M/G/c queue with service time S as an
/G/1 queue with service time S/c, cf. also [22]. Note that the
pproximation assumption is satisfied for the M/M/c queue. In evaluating
he quantities Ank we next encounter the computational difficulty that,
xcept for deterministic service times, the closed-form expression for An

k
ith k<c involves an (n-k+l)-dimensional integral because of the phenomenon




"~

hat a newly started service may be completed before services in progress.
ortunately, by the specified form of F; for 1<j<c-1, we can establish by
nduction a very simple expression for qj for j<c-1 through which we
ucceeded in eliminating the multi-dimensional integrals so that the
ltimate recursive scheme involves only one-dimensional integrals. The

ollowing results have been proved in [31] (see the appendix for a simplified

nd more generally applicable proof).

1EOREM 3.1. Under the approximation assumption with specification (3.10),

AES)™
3.12) pn(appr) = ﬁ—ETl—-po(appr), O<n<c-1,
n

3.13) p_(appr) = dp__ (appr) o _ + Ajzc pj(appr) Bn—j’ nxc,
ith pO(appr)=Q and

. c-1 e )k
3.14) o, = J (1I-F (t)) (1-F(t))e —4, k=0

k 0 e } k.

® At )k

3.15) B, = [ (1-F(ct))e o k=20,

0

ence we can compute the approximations for the state probabilities by a
table recursive scheme where in general any recursion step requires the
valuation of two one-dimensional integrals which are easy to handle by
umerical integration. Note that pj(appr) = pj(exp) for 0<j<c-1 and hence

&

3.16) Pw(appr) = Pw(exp),

> that as approximation for the delay probability we find the widely used
rlang delay probability which is in general a good approximation. We

ote that the approximations given in [11] for the state probabilities p.
re also equal to pj(exp) for j<c-1 but differ from our approximations for
>c. In [11] the approximations are given in a form inconvenient for
omputational purposes, however it was shown in [31] that these
>proximations can also be computed by a stable recursive scheme which is
dtained from (3.12)-(3.13) by replacing (I—Fe(t))c_l(l-F(t)) by 1-F(ct) in
he integral in (3.14). We note that the latter approximations yield for

he mean queue size the same approximation as found in [23].
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Denote by Lq the queue size at an arbitrary epoch in the steady-state
excluding the customers in service, if any). Using generating functions

e obtain after some algebra from (3.12)-(3.13),

3.17) ELq(appr) %(l+c§)ELq(exp){1+(l—p)(2cY]ES/ESZ—1)}.

2 2.2
2 ES ES
3.18) EL_(appr) = APy (appr) [{y, + Az } {1+ %2 }
2¢”(1-p) c”(1-p)
2.3
+ AYZ + ABES 1,

3¢ (1-p)

L v
1ere c, = {ES /(ES)2 - 1}? denotes the coefficient of variation of the

S
srvice time S and Yie is defined by

=k 7 & U-F (£))C%dt, k>1.
0 e

3.19) Yy
ote that when F is a NBUE-distribution function we have ES/(c+1)Sy]sES/c

% I—Fe(t)sl—F(t)Sl. Similarly, the higher moments of Lq may be derived.

rom the moments of the queue size Lq we get the moments of the steady-state
ueueing time Wq of an arbitrary customer (excluding his service time).

nder the assumption of service in order of arrival we have (see [20]),

kok
3.20) EL (L -1)...(L -k+1) = A"EW
) qLg D ee e (Lgmkr ) q

for k1.
e note that the distribution function of wq may be approximated by matching
f moments, e.g. following [17] we may approximate the waiting time
istribution 1 Pr{Wq>t[W >0} for the delayed customers by a Weibull
istribution function 1- exp((at) ) by matching the first two moments.

Next we derive for the output process approximations for the moments
f the interdeparture time TD between two consecutive service completion

pochs in the steady-state.

HEOREM 3.2. Under (3.10),

m m! APEs™ m-1 4
3.21) ET_(appr) = — [1-P_(appr){p- - (1-p) Z “~ v.}1, m>1,
D m W ' . 1. 1
A m.cC 1=1
here i i1 is given by (3.19). In particular, ETD(appr) = 1/X is exact and

tp(appr) = (2/A%){1 = 0B (appr) + (1-p)EL_(appr)].




OOF. Under the condition that the system is empty at epoch 0, define
(t) as the probability that the service completions of the first k
Lstomers all occur beyond time t, I1<k<c. Also, define Q(t) as the
eady-state probability that the time between two consecutive service
mpletion epochs exceeds t. The steady—-state probability that at a
rvice completion epoch there are left i customers behind equals i

£f. (3.1)-(3.2)) and so, under the approximation assumption with (3.10),

1 o

; p; (appr) (1-F_(£))™M__. (£) + (1-F(en) = p; (appr), ©0,

c—
1.22) Q(t) = T

1

- considering what may happen in (0,At) for At small, it follows that for

k<ce-1,

Mk(t+At) = (I—AAt)Mk(t) + AAt(l—F(t))Mk_l(t) + 0(At), t>0

id so, for 1<k<ec-1,

dM (t)
1.23) _ggE__ = A(l—F(t))Mk_l(t) - AMk(t), t>0,

ere Mo(t)=1 for all t. Put for abbreviation
c—1 i

.24) Q(t) = ¥ p.(appr)(1-F_(£))™ _.(t), t>O0.
=0 e c-1i

ing (3.23) and the relations

' 4 (- i+l _ _ G+D _ i
1.25) It (1 Fe(t)) S (1-F(t)) (1 Fe(t)) , 120,
AES .

1.26) pi+](appr) =T pi(appr), 0<i<c-2,

. find after some algebra

dQl(t)
dt

= -ag, (v) - 222

d c
- pc_](appr) I (1 Fe(t)) , t>0.

rom this first-order differential equation, we get

c—1

1.27) Ql(t) =

1

t
-At -2 (t-
p; (appr)e "“-pp__, (appr) S e (t-u)

0 0

o™

d(]—Fe(u))C, t>0.
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s5ing the relation (cf. (3.12) and (3.4)-(3.5))

3.28) oep__,(appr) = (1=p)P_ (appr)

. k o k-1 .
1d the relation EX =kf0 X Pr{X>x}dx, k=1 for any nonnegative random
ariable X, we obtain (3.21) from (3.22), (3.24) and (3.27)-(3.28) after

me algebra.

enoting by o the coef 1c1ent of variation of the interdeparture time T

2 have by Theorem 3.2 that c (appr)—l 2pr(appr)+2(l p)E Lq(appr). In [26]
t was empirically establlshed that

—lpVZ(c+1)

3.29) Lq(exp) = (1-p) for p close to 1,

ad so by {3.17) and Pw(exp) = (]—p)p_lELq(exp),

2 V2 (c+1 2 V2(c+1)
3.30) cD(appr) = 1-p (e, cgP (c+1) for p close to 1.

The above approximations are good quality approximations. This is
upported by the findings that Pw(appr) is given by the good quality
rlang delay probability approximation and that ELq(appr) is competitive
0 the extremely accurate approximations for the mean queue size
pecially developed in [1] and [30], cf. [31] for extensive numerical
>mparisons. Further, by [2] and [16], the following light- and heavy-traffic
oproximations agree with exact results,

ELq(appr) ey, ELq(appr) 2

lim = and 1lim - _ES .

00 ELq(exp) ES o1 ELq(exp) 2(ES)2

e finite capacity M/G/c queue.

Consider the finite capacity M/G/c queueing system having only place
>r N2c customers, i.e. any customer who finds upon arrival N other
lstomers present does not enter and has no effect on the system. No
:striction is imposed on p=AES/c. The above analysis and results require
11y obvious modifications. Define now moas the steady-state probability
1at an entering customer finds upon arrival n other customers present,

:nsN-1. We now have (cf. (2.1)-(2.3) with Aj=A for j<N-1 and Aj=0 for j=N),

ET EN p
=—2 7 == 5 = % for n>0 and BN A(l=-p.)
n ET’ EN ’ I-p = ET Py/-

.31) p n 0
N




lext a minor modification of the proof of Theorem 3.1 shows that under the
pproximation assumption with specification (3.10) the approximation
rn(appr) for the finite capacity M/G/c queue is given by (3.12)

‘or 0O<n<c-1 and by (3.13) for c<n<N-1 whereas
© N-1

(3.32) p,(appr) = Ap _.(appr) Z o, + A I p.(appr) I B
N el k=N’k ¢ j=c J k=N

k=]
where ak’Bk are defined by (3.14)-(3.15). The relation (3.32) can be after

some algebra reduced to

N-1
(3.33) p,(appr) = pp__,(appr) - (1-p) I p, (appr).
N c—1 K=c k

By (3.31) and (3.33) we have

(3.34) pm__, (appr) = (1-p)I (appr) +’(l-pN(appr))—le(appr)s

where Hw = Zg;é ™ denotes the steady-state probability that an
entering customer will be delayed. Noting that ™ gives the steady-state
probability that at a service completion epoch i customers are left

behind and using (3.34), an examination of the proof of Theorem 3.2 shows
that the corresponding approximations for the moments of the interdeparture

time TD between two consecutive departures are given by

m ! -1 APEs™ m-l 51
(3.35) ETD(appr) = [(l-pN(appr)) -Hw(appr)(p- -(1-p) ¢ TT'Yi) +
A m!c i=1
-1 m-1 Ai
+ (l-pN(appr)) pN(appr) iil IT'Yi]’ m>1.

Note that for the special case of no waiting room (i.e. N=c) we have the
remarkable result pn(appr)=C—](AES)n/n!, 0<n<c with C=Z§_0(AES)k/k!,
that is the approximations are equal to the exact values having the famous

insensitivity property of depending on the service time only through the

first moment.

The machine repair problem with multiple repairmen.

Consider the machine repair problem with N identical machines and

c repairmen where I<czN. The machines have independent running times with




common exponential distribution with mean 1/n and the repair time S of
roken—-down machine has a general probability distribution function F.
efine the state of the system as the number of machines broken down and
et Aj=(N—j)n for 0<j<N. Under the approximation assumption with
pecification (3.10), a generalisation of the proof of Theorem 3.1 as giv

n the appendix yields

N
p_(appr) = () (nES)"p(appr), Osnsc-l
® -1
p_(appr) = Ac_lpc_l(appr) é (l-Fe(t))c (I-F(t))¢nc(t)dt +
n 0
+ ‘E Aj pj(appr) é (1—F(ct))¢nj(t)dt, c<n<N
Jj=c
here

_ N-j _ -ntyn-j -nt (N-n)
¢nj(t) = (n-j) (1-e ') e , t>0

'e refer to [34" for more details and numerical results.

The above approximations have been derived under the specification
3.10) in the approximation assumption. We now discuss a slightly differe
pecification which in particular yields useful results for the case of
leterministic service times. For the M/D/c queue with the service times
.qual to the constant D, consider the specification in which F: for
<j<c-2 and F* are the same as in (3.10) but the "boundary" distribution
is chosen as

1, t=D/c,

. . *
‘unction F
c—-1
*
3.36) Fc_l(t) =
0, t<D/c.

lenoting the corresponding approximations by a bar, a minor modifica-
ion of the proof of Theorem 3.1. gives the following approximations for
‘he M/D/c queue

n
: — AD
3.37) p,(appr)= (ru) py(appr), Os<n<c-2,

- ) _ n-c+1
(3.38) Pn(appr)= )\pc_z(appr)f (1- _':)C 2 (At) -\t
0

D (n=c+1)! € de +
n D/c n-j
+ A_ b pj(appr) S -%i§l—7— e At dt, n>c-1.
j=c-1 0 n-j).




pO(appr)=Q. In particular wé find

n c—-1
T/ _ 1 (AD)
9 P_(a = P - (— -1) 2=
) P (appr) w(exp) (n2 1)) (=T %
e
-1 D e ot AD/
=g é (1- 5) e " dt and n, = e €.

that Pv(appr) < Pm(exp) since ny >, as is readily verified.

2
sical results show that Pw(appr) is a very accurate approximation for

lelay probability in the }/D/c queue and considerably improves in

it all cases the good Erlang delay probability approximation Pw(exp).
» we find after some algebra

c—1 2 n
+0) ELq(appr) = Ei?z), Q { 4 7+ (Hl -1)},
‘ 2(1-p) 2
) £L2(35PT) = () ¢! 9 {9p2—11p3+7p4 _ 20° "
q' 3PP T ey 613 (@ - G ThI

her ETg(appr) for m21 can be easily derived. Although ETD(appr)=1/A is
t, our numerical results indicate that ETg(appr) is less good than

appr) for m=2.

We conclude this section by presenting some numerical results. In
e 3.1 we consider the 1!1/D/c queue for several values of p and c¢ and
ive the delay probability PW’ the mean queue size ELq and the
ficient of variation CVLq of the queue size. The top numbers in table
correspond to the exact values, the second top numbers correspond to
approximate values of (3.16)-(3.18) and the third top numbers
espond to the approximate values (3.39)-(3.41). The exact values
taken from [18]. In the tables 3.2-3.3 we deal with the following
e phase-type densities represented by an Erlang density, a mixture of

ng densities and a hyperexponential density,

i f(t) = uzte—ut(g§=0.5),
i1 £(t) = pue "B (1/2) (1-p) 13t 2 THE with p=2/3-(1/6)V7 (c2=0.5)
-u.t -u,t . N
iii £(t) = pu,e : +(]—p)u2e 2 with £ = i~23 p={1+1/V3)/2 (c§=1.5).

L T
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these phase-type service times we give in table 3.2 the delay
vability PW’ the mean queue size ELq and the coefficient of variation
[ of the queue size for several values of c with a traffic intensity
8, where the top numbers in table 3.2 correspond to the exact values.
exact values were computed by using the decomposition method of [29]
olve equilibrium state equations. Finally, table 3.3 concerns the
‘ficient of variation cp of the interdeparture time TD for deterministic
ice times (c§=0) and the above three phase-type service times for

ral values of c where the traffic intensity p=0.8. The top numbers in
e 3.3 give the simulated actual values of cp with a 95% percent
idence interval and the second top numbers give the approximate

e of p corresponding to (3.21).

andix.

JF OF THEOREM 3.1. Under the condition that the system is empty at
*h 0, define th(t) as the joint probability that exactly n customers
.ve in (0,t) and that the service completions of the first k customers
occur beyond time t, 1<k<c and n>k. In the same way as (3.23), we

.ve for 1<k<c and n>k,

d

D EE'Mnk(t) = —AMnk(t) + A(l—F(t))Mn (t)dt, t>0,

-1,k-1
‘e Mno(t) is defined by

-t (At)?

o7 ,» n=0, t=0.

D Mno(t) = e

g the approximation assumption with specification (3.10) and using the

ment below (2.13), it follows that

= (- j  <n<c-—
) Anj é (1 Fe(t)) Mn—j,n—j(t)dt’ 0<j<n<c-1,

- (1= i f<em
) nj é (1 Fe(t)) Mh—j,c—j(t)dt’ 0<j<c-1, n2c,

_ o -xe ()™ .
) Anj = é (1-F(ct))e CEEDE: dt, c<j<n.

A.1) and (3.25) we can rewrite (A.3) for 0<j<n as




: = (1- I
3) Anj é (1-F_(£))" (1 F(t))Mn_j_l,n_j_](t)dt +
- °(-F (t))j_l(l-F(t))M (t)dt
AES | e n-j,n-j ’

re for j=0 the second term in the right side of (A.6) vanishes.

we first derive from (3.8) that

1 OE)*
A k!

D) = 0<k<c-1.

U

(A.7) and (3.9) we get (3.12). We prove (A.7) by induction on n.
irly, by (3.8), (A.7) holds for k=0. Fix I<n<c-1. Assume that (A.7)
Is for k=0,...,n-1. Using this induction assumption and (A.6), it i

ily verified from (3.8) that

- (>\Es)n_1 ® n-1,
3) (l—lAnn)qn = ——?E:TYT é (1 Fe(t)) (1 F(t))MOO(t)dt.

‘her, by partial integration, we get from (A.3) that

_n » n-1,.__ -\t
)) 1—>\Ann = Eg-é (1 Fe(t)) (1-F(t))e dt.

(A.8)-(A.9), we get (A.7) for k=n. Next, we verify (3.13). By

citing (A.4) in the same way as (A.3) and using (A.7), we find for
- ® c-1

10) i Aq.A . = ch—l é (I—Fe(t)) (1 F(t))Mn_C’O(t)dt.
(3.8)-(3.9), (A.5) and (A.10) we get (3.13). Finally, by (3.12)-(3
Zopn(appr)=1, we verify po(appr)=Q.
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able 3.2 Delay prob. and queue size jor phase-type services sappr. )
. 2 .. 2 2
case 1 (cS=O.5) case 1i (cS=O.5) case .S=1.5)
PW ELq chq Pw ELq chq Pw chq
c=2 .7087 2.148 1.485 .7083 2.151 1.478 L7131 1.490
L7111 2,169 1.475 L7111 2,132 1.487 7111 1.501
c=3 .6432 1.964 1.585 .6426 1.969 1.577 .6503 1.595
.6472 1.992 1.570 6472 1.951 1.585 .6472 1.610
c=4 .5914 1.816 1.675 .5907 1.823 1.667 .6003 1.689
.5964 1.847 1.657 .5964 1.804 1.674 .5964 1.705
c=5 .5484 1.693 1.758 5477 1.700 1.750 .5584 1.775
.5541 1.723 1.737 .5541 1.679 1.758 .5541 1.792
c=6 .5116 1.586 1.837 .5108 1.594 1.829 .5224 1.855
.5178 1.615 1.814 5178 1.571 1.836 .5178 1.874
c=7 L4794 1.493 1.913 .4786 1.501 1.904 .4908 1.933
.4859 1,520 1.888 4859 1.476 1.912 .4859 1.952
c=8 L4508 1.409 1.986 L4501 1.417 1.977 4627 2.007
.4576 1.434 1.959 L4576 1,391 1.986 .4576 2.028
c=9 .4253 1.333 2.057 L4245 1.342 2.049 L4373 2.079
4322 1.357 2.029 L4322 1.314 2.057 L4322 2.101
c=10 L4021 1.265 2.127 L4014 1.274 2.119 L4143 2.150
.4092 1.286 2.098 L4092 1.245 2.127 .4092 2.173
c=15 .3122  .9955 2.466 L3116 1.004 2.457 .3241 2.490
.3192 1.008 2.430 .3192  .9719 2.466 .3192 2.518
‘able 3.3 The coefficient of variation of the output process appr.)
2 2 2 2
cg = 0 case i(cs=O.5) case ii(c_=0.5)]ca (c=1.5)
c=2 | .7438 (+ .0072) | .8836 (+ .0058) | .8979 (+ .0064) | 1. - .0077)
.6849 .8543 .8455 I.
c=3 | .8074 (+ .0073) |.9136 (+ .0069) [ .9294 (+ .0064) | 1. - .0077)
.7308 .8725 .8632 1.
c=4 .8418 (+ .0080) | .9321 (+ .0063) | .9502 (+ .0046) | 1. - .0072)
.7617 . 8856 .8760 1.
c=5 | .8644 (+ .0068) |.9474 (+ .0051) | .9635 (+ .0068) | 1. - .0064)
. 7847 .8959 .8861 1.
c=10 .9303 (+ .0040) | .9734 (+ .0029) | .9859 (+ .0041) | 1. - .0038)
.8522 .9273 .9182 1.
c=15 | .9527 (+ .0054) |.9849 (+ .0047) | .9921 (+ .0041) |1. ©.0039)
. 8884 .9273 .9370 1.
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